Similarity Type of Solutions of the

Turbulent Boundary Layer Equations

for Momentum and Energy

Part I: An Analysis of Some Existing Solutions

A. 5. TELLES and A. E. DUKLER

University of Houston, Houston, Texas

The law of the wall, the law of the wake, and the velocity defect law have been proposed
as similarity types of solutions of the turbulent boundary layer momentum equation. Spalding
proposed an approximation of the same type as the solution of the energy equation. This study
shows these laws to be derivable from a small-perturbation type of solution of the generol
boundary layer equations for turbulent flow. The limiting conditions where each can be ex-
pected to be valid are clearly demonstrated. In particular, the law of the wall is shown to be
the zeroth-order solution of the momentum equations when the solution is expressed in the
form of a small-perturbation expansion. The first-order perturbation is shown to generate a
relationship similar to Coles’ law of the wake. Likewise, Spalding’s approximation is shown
to be the zeroth-order small-perturbation type of solution of the energy equation,

The energy equation for a turbulent boundary layer
requires for its solution values of the local velocity, u and
v, as well as an expression for the eddy thermal con-
ductivity. As most models for eddy conductivity are based
on an analogy between heat and momentum transfer, the
eddy thermal conductivity depends (as does the eddy
viscosity) on the local velocity and/or the velocity gradi-
ents. Values for the local eddy conductivity as well as for
local velocities thus depend on a solution of the momen-
tum equation for the turbulent boundary layer. When
the physical properties are considered independently of
temperature, the momentum equation is uncoupled from
the energy equation and, in principle, the solution of the
energy equation can be accomplished after the momentum
equation has been solved. Much attention has thus been
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given to the solution of this momentum equation for the
turbulent boundary layer.

Solutions of these partial differential equations for
momentum transfer have been impossible, due to their
nonlinear character. Both experimental and analytical at-
tacks on the problem of the turbulent boundary layer have
been reviewed thoroughly by Clauser (2) and Hinze (6).
Most methods have in common the use of a similarity
variable to reduce the partial differential equations in-
volved to ordinary ones. It is assumed that the new vari-
able for velocity depends only on a single-position vari-
able which characterizes both the distance from the wall
and the distance in the flow direction [as Blasius (1)
assumed for laminar flow]. In this way the law of the wall
proposes that in the region near the wall, when velocity
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and distance from the wall are expressed in terms of the
variables u* and y*, the dimensionless velocity u* de-
pends only on the dimensionless distance from the wall
and is independent of the coordinate measured in the
direction of flow.

ut =ut(y+)

This is equivalent to stating that at all positions along the
boundary layer in the direction of flow the velocity pro-
files expressed in these coordinates would be identical. In
a like manner a velocity defect law has been in use for
the fully developed turbulent region of the boundary layer.
This law suggests that the decrease in velocity from the
free stream velocity is a unique function of the relative
position from the wall.

Uy — U

= up = up(§)
Uy

Each of these laws is asymptotic in character and applies
only over limited regions. Much effort has been directed
toward finding corrections and toward evolving methods
of matching solutions from these two laws (2).

Additional assumptions are required in order to solve
the energy equations once these approximate solutions to
the momentum equation have been obtained. In many
cases one or more of the following assumptions are used:

a. Thermal-boundary-layer thickness is small, permit-
ting the use of the law of the wall.

b. Heat flux is constant and thus independent of posi-
tion from the wall.

c. Convective terms in the direction normal to the wall
are negligible.

d. Prandtl number is unity.

Frequently it is difficult to determine all the assump-
tions and limitations which apply to any one method. Since
exact solutions of the turbulent boundary layer equations
are hardly to be expected, it becomes important to evolve
a solution which is least wrong and which has the highest
degree of consistency with the boundary layer equations it
is intended to solve. In the first of these papers several
well recognized solutions to the momentum and energy
equations will be examined in this light. The second paper
will present a new solution based on a Blasius type of
similarity proposal which not only will be shown to be
less wrong but which incorporates a method of evaluating
the error and providing correction if desired.

A MATHEMATICAL STATEMENT OF THE PROBLEM

eddy diffusivities is prescribed.

y=0: u=0v=0 y—> w0 u—u,
(4)
T=T, T—T,

The difficulty in handling these equations has led in-
vestigators to assume similarity or universality of velocity
and temperature profiles which makes it unnecessary to
solve the equations. The law of the wall and the defect
law, as well as Coles’s wake law, are examples of ap-
proximations of the momentum equation with Spalding’s
equation (17), an example for the energy equation. These
empirical equations can be generated from Equations (1)
to (4) above. At the same time it will be possible to
show clearly the nature of the assumptions implied. Fur-
thermore, Coles’s empirical law of the wake (4) will be
shown to have a basis in theory, although not in the exact
form he proposed.

The Law of the Wall

The law of the wall is based on the premise that veloc-
ity profiles are independent of position along the plate
when the velocity is measured in terms of its scale—u.,
the friction velocity—and the distance from the wall is
measured in terms of its scale—v/u,—or

wh= == ut () (5)
where
U,
yr==2 (6)

In the general case, since local velocity depends on both
x and y, u* will depend on y* and also on a quantity
representing the x dimension, say x* or

ut = ut (y+, 5t (7)
In order to determine the condition under which the law
of the wall [Equation (5)] is valid, u* and y* are intro-
duced into the momentum equations as a transformation

of variables by means of Equation (7). The result can be
written as

d [ ut ] v aP
€+ = ——_.+

ayt dy+ ulp ox

y y Sp

v du, ] (3 /axt ) y+
"”{?F @ oy [<a¢+/ay+>x+ ]} (®)

The new terms in the equation are defined below:

Under the assumptions of nondissipative bqundary layer et= 1+ ¢/v (9a)
flow of an incompressible and barotropic fluid, the equa-
tions for conservation of mass, momentum, and energy in LY f y¥ utdut (9b)
a turbulent boundary layer are Y = ) y
continuity ‘
ou av 2t = j‘z l‘_dx (90)
w T = 0 (1) =Jb
conservation The stream function term in square brackets, which has
of momentum important physical significance, will be discussed later.
ou u F) ou 1 aP Equation (8) can be condensed to this convenient form:
u—+v—=v——[ (l-}-e/v)—]-———— (2)
8 v 9 Jut
dx ay 8y Yy p oox ": [€+ _‘"_+_] =Z(u*2 4 pt) (10)
conservation dy dy
of energy where 4
U 0A
oT aT 3 [ ( ex \ oT ] Z=2_= (11a)
L tom—=a—]| (1+E) = 3 : T
uax+uay “% +— % (3) u? dx 9y
P
A unique solution of these equations satisfying these pt = v_ 9% (11b)
boundary conditions, is desired, once the form for the Zulp Ox
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_ (6¢+/6x+)y+
T (gt /oxt ) gt

If Z can be shown to be a small number and dependent
only on x*, the solution to Equation (10) can be ap-
proached by a small-perturbation expansion of the type

(11c)

ut =yt + Zuyt +2Z2ut + ... = 2 Zru,

(12)

where up*, u1t, up* ... are successively the zeroth, first-,
second-, and higher-order perturbation solutions. The first
term making up Z in Equation (1lla) is indeed a small
number. For example, for zero pressure gradient it is
readily shown to be of the order of Re,~%/1°, Furthermore,
it depends only on x*. Under the conditions where A
varies linearly with y* or is constant, the second term in
Equation (11la) is independent of y*, and the conditions
required for the use of the small-perturbation type of
expansion are thus satisfied.

Substituting for u* in Equation (10), by the expansion
of Equation (12) and the collection of terms of like power
in Z, produces the series of differential equations which
are solved to find ue*, ust, us*, etc. The first few equa-

tions are
) dugt

[€0+ o ]=o (13)
8y+ 8y+

8 out
Syt [“ SZI+ ] = ot +p7 (14)
+
8y8+ [e + Zu2+ ] = 2uotu;t, ete. (15)
Y

Because ¢* depends, in general, on u* and y*, its form
will differ in each of the equations; this is designated
above by ¢* for its form in the zeroth-order equation, by
&7 for the first order equation, ete. For the zeroth order
of perturbation, solution of Equation (13) with the condi-
tion that at y* = 0, du*/dy* = 1.0 and ¢* = 1.0 gives

yt dy+
Wyt = — 16
0 e T+ o) (16)

If e* is a unique function of y*, then u,* depends only
on y* and Equation (17) becomes a law of the wall. In
the turbulent zone ¢/» >> 1.0 and with the Prandt] as-
sumption that e/v varies linearly with y*, the integration
yields the familiar logarithmic form of the law of the wall:

ut=A+B Iny* (17)
It is now clear that the law of the wall may be considered
the zeroth-order term in a small-perturbation type of solu-
tion to the boundary layer equations expressed in u* —
y* coordinates. Additional assumptions include

a. The function A varies linearly with y*.
b. ¢/ is a unique function of y*.

The Law of the Wake

Coles (4) proposed a purely empirical correction to
the law of the wall to account for the large observed
deviations between Equation (18) and the experiment at
high values of y+,

ut* =A+ B In yt + KW(¢) (18)

In this equation W (£) is a function only of relative posi-
tion, { = y/8. On the basis of experimental evidence,
Coles considered this functional relationship to be uni-
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versal, and he presented numerical values of W for various
values of ¢. He proposed that the constant, Ky, be evalu-
ated from the condition existing at y = §;

U.S
=A+B In —+ 2K, (19)
vCs/2 v

While Coles arrived at his wake law by empirical
means, it is possible to show that by considering the first
perturbation term, one can derive a similar relationship
directly from a perturbation type of solution of the bound-
ary layer equations. This can be accomplished in the fol-
lowing manner.

Clauser (2), Hinze (6), and others have shown that
the eddy viscosity varies little in the outer region of a
boundary layer where the shear stress changes rapidly
but displays most of its variation in the region of the wall
where the stress changes only slightly. The analysis of
Hinze using data of several investigators suggests that
et becomes essentially constant at £ ~ 0.16. This location
for constant e* is assumed the same for boundary layers
at other Reynolds numbers and pressure gradients. The
validity of this assumption, based on phenomenological
observation, will be demonstrated a posteriori. The differ-
ential equations for the first two terms in the expansion for
u* are now developed and solved for each of these two
regions.

Region I. ¢ = 0.16. The Prandtl equation for ¢* applies
in this region:

ut
dy*
Substituting for ¢* from Equation (20) and for u® with

Equation (12) into (10) and collecting terms of like
powers in Z gives these two equations:

+\2
= [re(5) ] o
dy* oy
d [2k2y+2du0+ du1+ ]
dy* dy* dy*

Sequential solution of these equations with y* = 30 used
as a lower bound in Equation (21b), at which point u,*
= 0, (dus*/dy*) = 0, gives

(20)

€
ef = — = k2y+2
v

(21a)

= (u*)?* + p* (21b)

t*=A+B Iny*t (22a)
wt =ay + ayt + ay*t In yt
+ayt (In y*)2+ a4 In y* (22b)

Solving these equations is not difficult but is very involved
algebraically, The coeflicients a;—a, are complex algebraic
functions of the constants A and B of Equation (22a)
as well as of p*, Z, and yn*. These will be transformed
into a more useful form and discussed below.

After substitution of these expressions for up* and u,*
into Equation (12), the resulting equation can be com-
pared with Equation (18), proposed by Coles. It becomes
clear that Coles’s wake law for this region is

KW (§) = Zu,* (23)
Recognizing that
y* =ym* £ (24)
+0
Yt = — (25)
v

permits the transformation of (23) into the following
form by use of (22b):

W) =ap+ a1f +as In £+ azéln ¢ + a4§(ln£)2
(26)
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The equations for ap to a4 are to be found in Table 1.

TasLE 1. COEFFICIENTS FOR THE WAKE FUNCTIONS,
EQuaTioNs (26} anp (31)

K
2 [153(E+h) In yu+
ymt K Ka

oy = —
+15B(ln30——1)£3+]o]
Kg
B K3 Kz[
= —— 4 — | 3B3 — 2AB2 | A2B
ay 2K1+K1 +

B3
+ B2(A— 2B) Inyy* +-§-(lnyM+)2]

15B Kz ( K3
ag = — (-—+h>

yM*K_l Kg
BK2 [ ]
=——2 | 2AB— 4B 4 2B2Inyy*
og 2K1 + YUm
B3K»
2Ky
B 0.16 ymt
PR K"[ o —lnYM+—ln0.16~—ln30+1]
-t K 30
] |
= — —| Uget =B (lnyyt —1)—A
K1]2 + 72 Oc yMm
B
ﬂl—_Kl

B BKo [ K3 ( 1+ 30 )
h=t%a T Kk L & 0.16 yu*

+ + 2
+ Ja— 2(Uqc )2 + 2BUqc —-3—32

ﬁa:?(%&i% [g-:+ Uge2 — 2BUe + B2 ]
e By g
3(0.16)2 Ky
B3 Ks
Bs

= 12(0.16)3 Ky

Jo = 15B [4AB — A2 — 3B2 — 2 + In 30 (2B2
—2AB—B2In30 + 2 4 J1)]

Ji=A2+4+ B2[(In30)2—2In30 4 2] 4+ 2AB (In30—1)

0.16B 2
J2 = [h +

+ +
—- ((Uge )2— 2BU B2
5 0.16 (( Oc) oc + )

2 + 3 + + 2
+ _B(UOC “"_B) '—2(U0c )2 + 2BUye — — B2 ]
3 4 3
Js=Inym* [2(AB— B2) 4 2B2In 0.16] + B2 (Inym*)?

+—2 g4 a—B)
016 ym*
+ 2(AB — B2) In (0.16) + B2 (In 0.16)2
Kg:ZyM+
8 dp

Ko = Zyyt+ pt =
3 yu-p pus2 dx

Region II: £ = 0.16. Here the eddy viscosity is constant
at the value it assumes at § = 0.16 and is designated by
e.*. The differential equations for the first two terms in
the perturbation expansion equation for u* in this region

are
4 [oder]
dy+ dy+
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d [ i du1 +
€ -
dy* dy*

Equations (27a) and (27b) are integrated with the con-
ditions

] = (w*)*+p*  (27b)

@ ¢=0.16, yt =yt =016y,*

Upt = UgeT; =yt

(28)
(duo*/dy*) = (due*/dy*).
(duy*/dy*) = (duy* /dy*).
These lower bounds can, of course, be found from Equa-

tions (22a) and (22b) by setting y* = 0.16y.,*. The
solutions for Region II are

yt—y.*

ot = tgpct + m

(29a)

€
ugt = by + byt + by(y*)% + bs(y*)® + ut (29b)

For this region a comparison of Equations (12) and (18)
shows that Coles’s correction to the wall law is

K1W<f) = U()+ -+ Zu1+ —'A—" Blny+ (30)

Using Equation (29) permits an equation for W(¢) to
be developed of this form:

W (£) = Bo + Bilné + Bof + Bt + Buf® + Bs€*  (31)
The complex equations for the coefficients, 8y to Bs, are
found in Table 1. The variables, Z and p*, have been
regrouped to more convenient forms, and new variables
appear in Table 1 as

Ky = Zyn* (32)

8 dpP

Ks =Zpty,™ = —_—
3 P Ym pu,k2 dx

(33)

An examination of Table 1 makes it clear that, once
values for the constants A and B of Equation (22a4) have
been selected, all coefficients depend only on the parame-
ters Ki, Ks, Kj, and yn*. Thus the wake functions for
each of the regions are similarly dependent:

W(¢) = ¢(Ky, Ko, Kg, ym™*)

Two of these parameters can be eliminated from two ad-
ditional relationships provided by the normalizing con-
ditions used by Coles.

W) =2 @ ¢=10 (34a)

Y wie)de = 1.0

(]

(34b)

In this way K, was eliminated and a relationship devel-
oped between Kj, K3, and yn.*. Based on the values of
A and B recommended by Coles (A = 2.5, B = 5.1),
the numerical results are shown in Table 2. The insensi-
tivity of the relation hbetween K; and Kj to the value of
ym* should be noted. The data are well represented by
a single equation

K; = 1.47 + 0.570K, (35)

over the range 1,000 < y,* < 10,000, for which numeri-
cal values were calculated.

It is now possible to calculate the wake functions for
each of the regions by means of Equations (26) and (31),
once the values of K; and ym™ are specified. The results
of a series of such calculations appear in Figure 1 for
values of K3 varying from 0 to 25 with y,,* from 1,000 to
10,000. Thus the quantity that Coles calls the “wake law”
is seen to depend parametrically on K, the parameter
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TasLE 2. K; FOR VARIOUS VALUES OF THE PARAMETER,
ymt anp K3

Values of K; at K3 =

ym* 0 5 10 15 20 25
1,000 1.58 4.33 7.06 9.80 12.54 15.28
2,000 1.52 4.37 7.22 10.06 12.91 15.76
3,000 1.49 4.36 7.23 10.10 12.97 15.84
5,000 1.46 4.32 7.19 10.08 12.82 15.78
10,000 1.42 4.24 7.05 9.87 12.68 15.50

which characterizes the pressure gradient. Rather re-
markably, the W(¢) curves are only weak functions of
K; and yn* even over the wide range of these parameters
covered here.

Figure 2 compares the location of the curve obtained
by Coles directly from the data with the range of values
presented in Figure 1 and obtained here from a perturba-
tion type of solution of the boundary layer equations. The
agreement is excellent. For a zero pressure gradient, where
Kj is zero, Equation (35) predicts a value of Ky = 1.47.
By observation of the data, Coles suggested that K; =
1.37. The two values are very close indeed.

It seems reasonable that a correction to the wall law
should, to some degree, depend on the pressure gradient
and the scaled thickness of the boundary layer itself, y,,*.
In fact, these curves, derived from the boundary layer
equations themselves, are in close accord with observa-
tions. A reexamination of the zero pressure gradient data
used by Coles and of the recent data of Smith (11) also
for zero gradient clearly shows a region of negative W (¢)
as £ approaches zero and a region where W (¢) is greater
than 2.0 in the region between ¢ of 0.80 and 1.0. Both
these observations agree with the trends shown in the
theoretical curves of Figure 2.

The term

8 dp

u.p dx

arises naturally from this analysis. Clauser (2) uses the
same term to characterize the equilibrium boundary layer.

22
20
1.8 /%
16
14 C”T‘;//

Q 1.2 g/;

= 0 /2
oo | ]

ool |

ol

0.2 / / / 0 104 2
% 3

0.0 ke=t"]} 25 |o4 3

on 25 104 4

O Ol 02 03 04 05 06 07 08 09 10

3

Fig. 1. The wake function predicted from the perturbation solution
of boundary layer equation.
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Fig. 2. Comparison with Coles’ wake function.
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In fact, Clauser defines an equilibrium boundary layer as
one in which Kj is a constant along the length.

It thus appears that a wake law correction to the law
of the wall arrived at by Coles empirically can be devel-
oped directly from a solution of the boundary layer equa-
tions by solving the equations reformulated in a small
perturbation form. The zeroth-order solution yields the
law of the wall. The first perturbation yields a correction
term almost identical to that of Coles’s wake law. There
is thus a basis for the wake law in the boundary layer
equations themselves.

THE NATURE OF SIMILARITY AND THE MEANING
OF THE A FUNCTION

In order to develop the perturbation expansion for the
velocity profile we assumed that the A function defined in
Equation (1lc) was linearly dependent on y*. Some re-
marks about the nature of similarity will remove the arbi-
trariness of this assumption.

If a physical quantity, F, is a function of two length
coordinates g and h, similarity will exist if there exists
an F scale, F,, and a length scale, hs, such that the ratio
F/F; = F* is a unique function of the ratio h/h; = h™.
That is, when F is measured in its own scale, F,, it is
uniquely determined by A*, the length coordinate mea-
sured in its own scale, hs. This condition of independence
of g means that (8F*/dg),+ = 0. The rules of partial
differentiation give

(), (5, (), + (), o

g /n+ ah /4 Nog/y+ g /n
(36)

Dividing this expression by (8F*/8h), and using the

relation
9F * ) h
(%), (%), () == @
ag h ah Ft+ 6F+ g

yields the following equation:
oh oh
(.-, @
ag rt ag Ft
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The last equation states that for similarity to exist (that
is, for F* to be independent of g for a given value of
h*), curves of h vs. g at constant h* have the same slope
as those drawn at constant F+ for all points in the field.
Any deviation from parallelism can be represented by the
difference in these slopes, (dh/dg)n+ — (dh/dg)r+.
The A function defined in Equation (1lc) can be related
to this difference as shown below.

Let the variable of interest be the stream function,
¥+ = ¥t (2%, y*). Then by the rules of partial differ-
entiation,

(o), = (5). G5),. (),

(39)

In the general case the x* derivative is, of course, not
zero. Applying an equation similar to (38) gives, after
some rearrangement,

( g:: ),,+ ay ay
=ty = (), -, w

(57)..

The right side of this equation will be recognized as the
measure of difference in parallelism between curves drawn
in the boundary layer which relate x and y at constant y*
and constant y*. For complete similarity these curves are
parallel, the slopes are equal at all points, and the right
side of Equation (40) is zero and so is A. In turbulent
flow the most that can be expected is near parallelism, and
this can be expected only in certain regions of flow.

It is possible to estimate the value of A at the extremes
of the boundary layer for any transformation of variables.
This is done here for the u* — y* transformation dis-
cussed above.

As y Approaches 0
From the definition of y*, Equation (9b), and the con-
dition of zero velocity at the wall it is seen that
Li Tt LimA=0
i ( L ) —0 and @ (41)
axt /4 yt—0

y*t—0

As y Approaches

In this region the velocity approaches a constant which
is near u,. Integration of Equation (9b) with this con-
sideration gives

Yt sa+-Z—”y+ (42)

(3),. =), v (E) @

where ¢ is a quantity independent of y*. Since
(8y*/dy* ).+ of Equation (40) is independent of y*,
then A is linearly dependent on y*. For similarity to exist,
A must be zero; so it is clear that similarity in the u* —
y* coordinates cannot possibly exist near the edge of the
boundary layer. However, the fact that the deviation is
linear in y* does make Z of Equation (1la) independent
of y*, and this makes it possible to use the perturbation
technique to attempt to solve the boundary layer equa-
tions. Since A is independent of y* near the wall and
linearly dependent near the outer edge, there must be a
region (probably close to the wall) where the behavior
of A is nonlinear with y*, and in this region even the
use of the small perturbation solution is subject to ques-
tion. In the second paper of this series a transformation
will be presented where A is shown to be negligible at

Vol. 14, No. 3

AIChE Journal

both ends of the boundary and small in the intermediate
region.

THE ENERGY EQUATION

Spalding (12) has indicated the utility of transforming
the energy equation so that the dimensionless temperature,
8, becomes dependent on the independent variables u™*
and x* rather than on the usual position variables x*
and y*. He presents and solves a simplified form of these
equations. It is again of interest to observe the exact
form of the equation and the conditions under which the
Spalding approximations may be valid.

Define 6§ as

T-T,

0= —

Tw - Tro

The derivatives of 8 as they appear in Equation (3) are
calculated in terms of these new variables. For example,

(ao)_(aa) ax+) +( ao) (au+)
ax/, VNox* /u+ \ & dut o+ \ ax

% v x y

_u.[(' 60) +( 80)
v oxt Ay out o+
v du, ( ou* ou’t
—_— y+ —_— +
u,? dx \oy*t /o4 oxt /4

Yy

=g(x*,ut) (44)

After substitution of this and all other similar terms, an
energy equation is derived as shown below; where the
independent variables are x* and ut

06
ut ox* taus? au*“
out 7} dut a0
S [e(2) ()]
oyt  ou dy ou*
1 €n
F o — —_—
« Pr + v
A
ﬂ=
Syt

and A is given by Equation (11lc). Under conditions
where = is a small number and is independent of u* and
9, the solution of this rather complex equation can be ap-
proached by a perturbation method. The variable u* is
expressed by the expansion of Equation (12), already
discussed. The dimensionless temperature, being a func-
tion of both u* and x*, must be expressed in a double
expansion of these two terms:

ut = Uo+ -+ ZU1+ + Z2u2+ + ...= 2 Z"u,.+
n=0

(464a)
6 = 0,0 + 7010 + ZOy,1 + Zmby,; + 72030 + ...

1,i=
f= 2 m Zi 0
i,i=0

(48b)

Substituting these relations into the energy equation and
collecting terms of like powers in = and Z gives a series
of equations, the first few of which are

Zeroth Perturbation Equation

a0 dup*t @ duet 36
gt —2 = 22 [ + 200 °'°] (47)

at  dyt Jupt wy* duet
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First Perturbation Equations

09 o0, due™ 9 o™
ot Lo gt 2000 0 [a+ dupt 98y, ]
ax+ dupt Ayt duet dy*t duy*
(48a)
dut 90 06, a0
& 9w 0.0 ut 00 ot o1
dupt oxt ox* ox*
dupt 9 duyt 06 26
_ o [[or 200 (o1 ""’) ] (48b)
ay + ouy * ay + uy + BUO +

Consider now the zeroth-order term in the series for 8
[Equation (46b)]. This is obtained from a solution of
Equation (47). We have already shown that the zeroth-
order term in the perturbation expansion for u* is given
by Equation (16). Therefore

8u0+ _ 1
oy* 1+ ¢/v
Thus Equation (47) becomes
a0, 1 :} + a6
o Moo _ [ ] )
oxt 14¢/v duet L1+ ¢/v dupt

This is, of course, identically the equation which Spalding
and others (7, 8) have solved by approximate means to
obtain temperature distributions and wall heat flux. The
Spalding solution is thus the zeroth-order term in a small
perturbation type of solution of the transformed energy
equation.

The first term in Equation (46b), fo,, is a valid ap-
proximation of the true value of ¢ only (a) when the
perturbation type of expansion is itself valid and (b) when
successively higher terms in the expansion are small. It
has been shown above that a perturbation type of solution
is valid when A is small, a condition which was shown to
exist at the wall. Even when this condition is satisfied,
however, the first perturbation terms can be significant
when the thermal boundary layer becomes large. Here
the higher order terms obtained from the solution of Equa-
tions (48a) and (48b) introduce the effect of pressure
gradient (through ;%) and of imperfect similarity.

It is possible to solve these equations for the first per-
turbation, 8o, and 8,0, numerically and thus to develop a
correction to Spalding’s solutions analogous to the wake
law correction for the law of the wall. However, the ex-
istence of similarity required to justify these refinements
is not readily established.

The second paper in this series will present an alterna-
tive similarity concept which leads to a set of equations
that can be solved numerically without the need for a
zeroth-order perturbation type of approximation.

THE VELOCITY DEFECT LAW

This law suggests that the asymptotic approach of the
velocity profile to the free-stream velocity is uniquely de-
termined by the distance from the wall relative to the
boundary layer thickness. Experimental data show that
this approach is highly dependent upon the pressure gradi-
ent, but for a given pressure gradient it is independent of
position along the body. An examination of the momentum
equation written in these coordinates can shed some light
on the conditions under which this type of similarity can
be expected to be valid.

The velocity-defect variables are defined as

Uy— U (50)

up = up({,x) =

Page 446

AIChE Journal

F=j:upd§

Introducing these in the momentum equation, by a trans-
formation of variables, produces the following equation:

ad [1 + ¢/v OF ] °F oF

% L1 e o wom Tt
oF 02F oF U, \2 9A
a (——-) —aF _..__f> D
3 P 4 Yo as % % (51)
where
2 (ws) °
Ay = —— —= = —
1 P U, ay . (8w.)
5 = 2 d ( ) 824,
2 = e :i'; U U, Gs = Ec
2
az = 8—. d—ui AD= __ME_.
€c dx Uy
(aF/ag):n‘—‘_'
Uy
(52)

Equation (51) contains no assumption other than the
usue;l ones which are basic to the boundary layer equation
itself.

In this form the equation clearly shows that similarity
in up — £ coordinates exist only (a) when the coefficients
a;—a; ave independent of x, or are small, (b) when Ap is
a constant or varies linearly with ¢, and (¢) when (¢/»)
is uniquely a function of £ or is a constant. Only when all
these conditions are satisfied is up a unique function of &.
The pressure gradient term does not directly appear in
this equation; however, it does make its influence felt
through the coefficients, a;—as.

All these conditions can be met only under very re-
strictive conditions. It was shown (see The Law of the
Wake, above) that the eddy viscosity is not a unique
function of £ for values of ¢ below about 0.16. For higher
values, however, the eddy viscosity is essentially constant.
This defect law, therefore; can not be expected to be valid
below £ of 0.16. In the region ¢ > 0.16 we now examine
the magnitude of the coeflicients, a;~a;. Relative magni-
tudes can be estimated with the help of Equation (19)
and the definition of Z to yield

a

a— = — B\/Cf?2 << 1.0

1

das . Z Reg

— = B\VC;/2 << 1.0

a, Ky — Z Re;\/2/C;

ay \/ 5 [ B Kz ]

— ==~/C;/ 1+ << L0
b

as Ke—Z7 Rea\/m}

At high Reynolds number where the drag coefficient is
small, and it Ap is constant or a linear function of ¢, Equa-
tion (51) reduces to an ordinary differential equation of
the form

d2up dup
pra +ay ¢ T =0 (53)

Hinze (6) arrives at a similar equation although by some-
what different reasoning. He also showed that the solution
of this equation could be expressed in error function form:

up=R 2—:1- [1—erf(\/_“?‘—g)] (54)
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where
U

R = = 13.5

€c
By comparing his data with the data of Klebanoff (9) for
zero pressure gradient, Hinze found that the value of a;
was 3.54.
This constant must, of course, vary as pressure gradient
changes, and a general relation can be found through
the displacement distance.

1.0 —_
=3, Lt

U

(55)

Substituting for up in the integral, by means of Equation
(54), gives

3
a, = 13.5 (56)
Sp*
where
8 ©
8p® = - (57)
U

Clauser (3) reports a value of 85°/8 = 3.6 for zero pres-
sure gradient. Using this value in Equation (56) gives a;
equal to 3.5, which is in good agreement with Hinze’s
3.54. Other values of a; for cases of positive and negative
gradient can be obtained with Equation (56).

Equation (54) can be rearranged:

(8:; )l/a uD=4,6[l—erf(2.6§ \/ 818)# ) ]
(58)

This shows that, if the assumptions of similarity are valid,
the defect law plotted in the coordinates (up \/3/ SpT) vs.

(¢ \/8/8p") should be universal and independent of pres-
sure gradient. The solution of Equation (58) appears in
Figure 3 as a solid line. The data of Smith and Walker
(11), Launder (10), and Clauser (8) are compared with
the analytical solutions, and it is apparent that agreement
is unsatisfactory over much of the boundary layer, not
only over that region for ¢ < 0.16. Thus the defect law
must be considered a convenient means of plotting velocity
distribution for a given pressure gradient, but in no sense
does it represent a valid similarity type of solution to the
boundary layer equations even for-a restricted region.

L ® CONSTANT PRESSURE

L 8./8 =36~
= NEGATIVE PRESSURE GRAD.

. . 5,/8=38 (0
5r on ,"’/’,,,, 4 POSITIVE PRESSURE GRAD.

. 8,/8=65 (3

3
55 s
2
1
0 1 1 kIR il
o 02 04 06 08 | 2 4 & 810
3_y/s
50 )
Fig. 3. Velocity defect law; comparison with data.
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NOTATION
a = constant in Equation (42)
1,2,3,4,5 = constants in Equations (51), (52)
A B = ((i(;r;stants in logarithmic wall profile [Equation
]
C; = skin friction coefficient
¢
F = L Upd¢, Equation (50)
Ky = coefficient of Coles’ wake function
Ky = Zp+*
& dp
K; = pressure gradient parameter, Zp*yn,* = o
UL p dx
P = pressure
p* = dimensionless pressure parameter, Equation (11b)
T = temperature
T. = free stream temperature
T, = surface temperature
u = velocity component in x direction
uy* = zeroth-order term in perturbation expansion equa-
tion for u* [Equation (12)]
w, ¥ = first-order term in perturbation expansion equa-
tion for u* [Equation (12)]
u, = free stream velocity
u., == friction velocity
up = dimensionless defect velocity, [Equation (50)]
dimensionless velocity

g
S
I

v velocity component in y direction
W(¢) = wake function

X = coordinate measuring distance along body

x* = dimensionless coordinate

y = coordinate measuring distance normal to body
y* = dimensionless coordinate

ym* =yt aty =3

Z = perturbation parameter, Equation (1la)

Greek Letters

@ = molecular thermal diffusivity

a«* = dimensionless total thermal diffusivity

8 = boundary layer thickness

8p = displacement thickness

8p* = displacement thickness parameter, Equation (57)
A = similarity parameter defined in Equation (11b)
€ = momentum eddy diffusivity

en = thermal eddy diffusivity

et = dimensionless total momentum diffusivity

p = density

4 = dimensionless temperature

v = kinematic viscosity

g = perturbation parameter, Equation (41)

é = y/8 dimensionless coordinate

V] = stream function

¢y* = dimensionless stream function, Equation (9b)
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